Compound Poisson cascades

P. Chainais , R. Riedi , P. Abry

Colloque Auto-Similarité et Applications / 27-30 mai 2002

From self-similarity to infinitely divisible cascades

δ_τ X(t) = X(t + τ) − X(t)

self-similarity (stat. inc.) IE |δ_τ X|^q = IE |X(1)|^q · |τ|^{qH} ex : f.B.m., Linear Fractional Stable Motion. . .

multifractal formalism IE |δ_τ X|^q = c_q τ^{ζ(q)} ex : binomial cascades, wavelet random cascades, multifractal random walk (MRW). . .

log. inf. div. cascades (LIDC) IE |δ_τ X|^q = c_q exp[−H(q) · n(τ)] • H(q) ≡ ζ(q) when n(τ) = − log τ, (scale invariance) • a priori n(τ) ≠ − log τ.

ex : . . .

Colloque Auto-Similarité et Applications / 27-30 mai 2002

How to synthesize infinitely divisible cascades ?

Purpose : synthesis of processes with prescribed multiscaling exponents H(q), continuous scale invariance, (not only 2j) stationary increments, not a priori a power law : τ ζ(q) → exp[−H(q) · n(τ)]

Colloque Auto-Similarité et Applications / 27-30 mai 2002

Log-infinitely divisible cascades

IE |δτ X|q = exp[−H(q) · n(τ)] · cq Πlog |δ_τ X| = G∗n(τ) ∗ Πlog |δ_{τ̄} X| propagator |δτ X| d= [Λ(1) · . . . · Λ(n)] · |δτ̄ X| (virtual) multipliers

N.B. : Γn = ∏ i Λ(i) has a priori no physical meaning (cf. fBm)

Colloque Auto-Similarité et Applications / 27-30 mai 2002

Compound Poisson cascades

G∗[n(τ^2)−n(τ^1)](log Γ)

G∗Δn

= e−Δn ∞∑ k=0 Δnk k! F ∗k(log Γ)

with log Γ = log W1 + . . . + log Wk • log Wi is distributed by F , • k is Poisson distributed by PΔn(k) = e−Δn Δnk k!

Colloque Auto-Similarité et Applications / 27-30 mai 2002

Poisson cascading noise

=⇒ Qr(t) ∝ ∏ Cr(t)

Wi multiplicative cascade

(ti, ri)i∈I = planar point process dm(t, r) = g(r) dr dt stationary, Wi i.i.d., > 0, F (log Wi).

Pi(t) =

1 if |t − ti| ≥ ri 2 , Wi if |t − ti| < ri 2 . Colloque Auto-Similarité et Applications / 27-30 mai 2002

Poisson cascading noise

Qr(t) = exp [(1 − IEW )m(Cr(t))] ∏ r<ri<1

Pi(t)

= exp [(1 − IEW )m(Cr(t))] ∏ Cr(t) Wi ⇓ IEQqr = exp[−φ(q) · m(Cr)]

where φ(q) = q(1 − IEW ) + IEW q − 1,

Cr(t) = { (t′, r′) : r′ > r and t′ − r′ 2 < t < t′ + r′ 2 } . Colloque Auto-Similarité et Applications / 27-30 mai 2002

Poisson cascading noise

• Qr(t) is stationary, • IE Qr(t) = 1, • IEQqr = exp[−φ(q) · m(Cr)] • Qr is a T-martingale (as r → 0) scale invariance n(τ) = − log(τ) ⇓ dm(t, r) = c r2 dr dt =⇒ IEQqr = rcφ(q)

Colloque Auto-Similarité et Applications / 27-30 mai 2002

Example of Poisson cascading noise

Poisson cascading noise turbulence

internet

Colloque Auto-Similarité et Applications / 27-30 mai 2002

Poisson cascading motion Pb : Qr degenerates as r → 0. . . Solution : Ar(t) = ∫ t 0 Qr(s) ds =⇒ IEAr(t) = t A(t) = lim r→0 Ar(t) has stationary increments dm(t, r) = c r2 dr dt =⇒ IEA(t)q ∼ tq+cφ(q)

Colloque Auto-Similarité et Applications / 27-30 mai 2002

Poisson cascading motion

Colloque Auto-Similarité et Applications / 27-30 mai 2002

Poisson cascading Brownian motion

Vr(t) = ∫ t 0 √ Qr(s) dB(s) Poisson cascading Gaussian noise ⇓ V (t) = lim r→0 Vr(t) • stationary increments

• dm(t, r) = c r2 dr dt =⇒ IEV (t) q ∼ tq/2+cφ(q/2) continuous scaling • Vr(t) fdd = B(Ar(t)) (cf. fBm in multifractal time)

Colloque Auto-Similarité et Applications / 27-30 mai 2002

Example of Poisson cascading Brownian motion

Poisson cascading Brownian motion turbulence

internet

Colloque Auto-Similarité et Applications / 27-30 mai 2002

Conclusion Poisson cascading. . . . . . has. . . . . . nice properties

• noise IEQr(t) = rcφ(q) • motion IEA(t) ∼ tq+cφ(q) • Brownian motion IEV (t) ∼ tq/2+cφ(q/2)

• stationary increments, • continuous scale invariance, • continuous in time (r → 0).

• IEQr(t) = exp[−φ(q) · m(Cr)] log-infinitely divisible dm(t, r) ≠ c r2 drdt (not compound Poisson a priori) towards n(τ) ≠ − log τ. . .

• Vr(t) = ∫ t 0 √ Qr(s) dBH(s) ⇒ cascading fractional Brownian motion. . . fractional stable motion. . .

Colloque Auto-Similarité et Applications / 27-30 mai 2002