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pchainai@isima.fr, www.isima.fr/∼chainais .

Abstract
Motivation and Position of the Problem. During the last ten years, scaling phenom-
ena and scale invariance have been observed in a wide range of applications of very different
nature (hydrodynamic turbulence, computer network teletrafic, body rhythms in biology,. . . to
name but a few). Therefore, their analysis and characterisation received considerable efforts
and is still an active research area.
Let X(t) stand for the observed process and let TX(a, t) denote a quantity that performs
some measurement of X at scale a (see below for complete definition). Scaling phenomena
usually imply a power law behaviour of the moments of TX(a, t) with respect to scale a, for
a given range of scales and a given range of exponents:

IE|TX(a, t)|q = Cq|a|ζq , qm < q < qM , am � a� aM . (1)

The practical study of scaling phenomena mainly consists in the detection of such power laws
and in the estimation of the corresponding scaling exponents. The present work is a contribu-
tion to this last issue through a study of the statistical performances of various estimators for
the ζq based on multiresolution analysis. Despite the fact that this question already received
considerable efforts, we believe that the results reported here bring insights that are likely to
interestingly renew the point of view on that topic.

Processes. To test the performance of the estimators described below, we use first the
well known conservative multiplicative Mandelbrot’s cascades (CMC) [8] generating the mea-
sures Q(t). From Q(t), one also produces the cumulated process A(t) =

∫ t
0 Q(u)du and the

(fractional) Brownian motion in multifractal time VH(t) = BH(A(t)) (where BH(t) is the
usual fractional Brownian motion) [12]. Such processes however are well know for their two
major drawbacks resulting from their being constructed on a rigid dyadic tree: they suffer
from non continuous (or discrete) scale invariance and they only have weak forms of station-
arity. Therefore, we also use new processes recently introduced in the literature, known as
products of cylindrical pulses or compound Poisson processes (CPC) [4] and infinitely divisible
noise and motion (IDC) [3, 5]. Their definitions (not detailed) also imply the production
of a measure Q(t) and of the corresponding processes A(t) and VH(t). We also used of the
Multifractal Random Walk (MRW) introduced in [2] and that, to some extent, is a process
of type VH(t). All those new processes have controlled scaling multifractal or multiscaling
properties, they are also continuously scale invariant and Q and the increment processes of
A and VH meet the full stationarity requirements.
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Multiresolution quantities. For the process X, the multiresolution or scale dependent
coefficients are defined as for the process X:

IE|TX(a, t; f0)|q =
∫
RX(u)fa,t(u)du,

fa,t(u) = (1/a)f0((u− t)/a).
(2)

The mother-functions f0 correspond to the following choices:

Local Time Average f0(u) = 1/τ01τ0(u), (= 1/τ0 if 0 ≤ u < τ0 and = 0 else),
Increments (of order N) f0(u) =

∑N
k=1(−1)kCk

Nδ(u+ (k − 1)τ0),
Wavelet f0(u) = ψ0(u) Any Mother - Wavelet Function.

(3)

For the positive conservative measure Q, the three type of |TX(a, t; f0)| can be used. For
the motions A and VH only the two lasts apply. Note that the order N of the increments
plays a role identical to that of the number of vanishing moments in the wavelet based analysis.

Estimators. The usual partition functions are computed:

Sn(q, j) =
1
nj

nj∑
k=1

|TX(2j , k2j ; f0)|q (4)

where n is the observation length and nj the number of available samples TX(2j , k2j ; f0)
at scale a = 2j . The estimators ζ̂q,n of the ζq result from linear fits in log2 2j = j versus
log2Sn(q, j) plots [1]. In all cases the range of q used, qm < q < qM , is such that the moments
are finite: IE|TX(a, t; f0)|q < ∞, so that we do not address here the issue of existence of
moments, nicely tackled in e.g., [6].

Analysis of the Statistical Performance of the Estimators. To study the sta-
tistical performance of the estimators described above ζ̂q,n as functions of q and n, we per-
formed numerical simulations. For each of the category of the processes mentioned above
(CMC, CPC, IDC, MRW), and for Q, A and VH , we numerically synthetized nbreal copies of
length n and applied to each all the relevant estimators. From this, we studied the statistical
performance of the estimators. For sake of simplicity, in this abstract, we give results only for
processes whose theoretical multifractal spectrum takes on negative values both on the right
and left hand sides.

Results. The results presented in Figure 1 are obtained from wavelet based estimators
(Daubechies3 wavelet) applied to nbreal = 1000 trials of cumulated processes of Log-Normal
binomial cascades (CMC) of various length 214 ≤ n ≤ 221. We emphasize that plots yielding
equivalent analysis, comments and conclusions, were obtained using local time averages or
increment based estimators applied to CMC with different multipliers as well as to CPC, MRW
or IDC, as well as to various actual empirical time series. The generality of the observation
reported here constitute a key point of our contribution.
Critical q∗ and h∗. First, we observe that there exists a critical value of q, labeled q∗,
beyond which the estimators ζ̂q,n do not work correctly any more. For q > q∗ values, the
ζ̂q,n do not reproduce any longer the ζq behaviour, as would be expected a priori but instead
follow a linear behaviour. This is clearly seen in Figure 1 (first row). Precisely, this means
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that, asymptotically, i.e., in the limit of infinite length observation:

q < q∗, ζ̂q,n → ζq,

q > q∗, ζ̂q,n → 1 + qh∗.
(5)

Length of observation. Second, we observe that in the limit of large n,

for q < q∗/2 ζ̂q,n → ζq,

Var ζ̂q,n ∼ Cq/n,

for q∗/2 < q < q∗, ζ̂q,n → ζq,

Var ζ̂q,n ∼ decrease with n but much slower than 1/n,
for q∗ < q, ζ̂q,n → 1 + qh∗,

Var ζ̂q,n ∼ decrease with n but much slower than 1/n.

(6)

Those observations are illustrated in Figure 1 (second row).
Determination of h∗ and q∗. Thirdly, we observe that h∗ and q∗ can be obtained from
the Legendre transform D(h) of ζq seen as a function of q:

D(h) = min q(qh− ζq) + 1, (7)

or, equivalently, for all q where ζq is defined,

D(q) = 1 + qdζq/dq − ζq,
h(q) = dζq/dq.

(8)

Then, h∗ and q∗ are obtained from:

D(h∗) = 0,
h∗ = (dζq/dq)q=q∗ .

(9)

Those observations are illustrated in Figure 1 (last row). Note that for processes where
D(h) > 0 for all h, this means that q∗ is infinite and h∗ undefined. Those cases will be
detailled in the extended version.

Interpretation and comments. In the multifractal formalism, D(h) is the Hausdorff
dimension of the support of the set of points where the local regularity of the analysed process
takes the value h [12]. The equations above (Equation 9) can be read as the fact that one
cannot expect to estimate D(h) when D takes on negative values.
From the literature, we found out that such facts had already been reported in [7, 11, 9, 10]
for the cases of Mandelbrot’s cascades and for local time averages estimates. The definition of
q∗ given in [11] can be reformulated as in the equations above. Therefore, the results proposed
here can be seen as an extension of the results presented in [11], first, to other class of processes
(CPC, MRW, IDC), second, to other types of scaling exponents estimators (increments and
wavelets). In [11], the existence of a critical q∗ is deeply rooted and connected to the issue of
non degeneracy of q-th powers of the measure Q(t) obtained as an infinite product of positive
multipliers (martingales). From the theoretical construction of the CPC and IDC processes
(cf. [4, 5, 3]), we know that this issue of non degeneracy is also relevant since they as well
constitute martingales. The fact that the existence of this critical q∗ applies for estimators
based on increments or wavelet coefficients (and not only to local averages) shows that it is
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deeply rooted in the construction of the process itself and not in the estimation details.

Estimation of h∗ and q∗. In the extended version, a procedure will be given which
allows, from a single observation of finite length, to practically estimate h∗ and q∗ (since
Equation (9) cannot practically be used because it requires the exact knowledge of ζq). Nu-
merical simulations validate the performance of this procedure.

Mono versus Multi-Fractality. Besides that, it has often been proposed in various
works (including ours) to test mono versus multi-fractality by testing whether the estimated
ζ̂q,n have a linear behaviour in q or not. From these results, we see that it seems to be a
deadend track, since the ζ̂q,n always follow a linear behaviour. Instead, we propose to dis-
criminate between mono versus multi-fractality by the analysis of the intercept at the origin
of the asymptotic linear fit obtained from the ζ̂q,n for q � q∗. This will be detailed in the
extended version.
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Figure 1: Statistical behaviour of the estimators: Top Row: left plot, ζ̂q,n versus ζq.
Right plot, n = 220, with 95% Confidence Intervals, obtained fro nbreal = 1000 realizations.
One clearly sees that for large q, the ζ̂q,n depart from the ζq to follow on a straight line that
well matches the equation: ζ̂q,n = 1 + qh∗. Middle Row: Left, Biais ζ̂q,n − ζq as a function
of q, for different n. Above a critical q∗ (here q∗ = 4.08 and h∗ = 0.57), the bias increases
with q regardless of n ; right, the (log of the) variance of ζ̂q,n as a function of n for different
q. For q ≤ q∗/2, the variances essentially decrease as 1/n, while they decrease significantly
more slowly for q ≥ q∗/2. Bottom Row: Left, Legendre transforms D(h) of the ζ̂q and of
the ζq for different n ; Right, estimated h∗ (such that D(h∗) = 0) as a function of n. One sees
that the Legendre transforms of the estimated exponents ζ̂q accumulate around the critical
values D(h∗) = 0 and the corresponding h∗ do not depend on n.
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